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SUMMARY

chats are presented for estimating the effects of variations in
short-period stability characteristics of a rigid airplane on its root-
mean-square vertical-acceleration and pitch-angle response to continuous
atmospheric turbulence. Fran these chsrts the root-mean-square quantities
in dimensionless form can be estimated for values of four other dimension-
less parameters which describe the airplane short-period stability charac-
teristics and the scale of atmospheric turbulence. The trends of the

h root-mean-square responses with each of the four parameters are discussed
in terms of two significant combinations of the parameters involved. The
charts are best suited for application to rigid unswept-wing airplanes of

. not more than 200-foot wing span flying at low subsonic speeds. It iS
believed, however, that useful estimates of first-order effects can be
made for airpknes with other wing plan forms flying at high speeds.
Analysis of the chsrts indicates that the variations of the vertical
acceleration and pitch angle with the other parameters exe largely deter-
mined by the damping ratio of the airplsne and a relutive-turbulence
scaJ_e. Sane examples of the application of these charts show that the
vertical-accelerationresponse of a moderate-speed unswept-wing fighter
sirplane is increased by a rearw=d shift in the center of gravity, is
not charged significantly with a change in altitude if the equivalent
airspeed ad true turbulence intensities sz’econstant (effects of changes
in Mach number are not included), and is increased by a increase in the
gecmetric scale.

A comparison of the root-mean-square vertical-acceleration response
of an airplane free to be disturbed in vertical and pitching motion with
that of an airplane free to be disturbed only h vertical motion (non-
pitchingJ indicates that the responses axe similar for a nearly critically
dsnped airplane. The acceleration response of an airplane with a very lowk
damping ratio may greatly exceed the response of a nonpitching airplane.
However, the vertical acceleration of an airplane having satisfactory .

● handling qualities may in many cases be less than that of a nonpitching
airplane.
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INTRODUCTION

Variations of longitud3mal stability characteristicsmay cause
appreciable changes in the response (motions, loads, stresses, etc.) of
an airplane flying in atmospheric turbulence. Until recently, analyses
of these effects (some of which are summarized in ref. 1) &Lsregarded
the continuous nature of the turbulence, psrtly because of the large
efforts reqtired for a more realistic treatint, and considered, instead,
only discrete gusts. This approach was considered to be unsatisfactory
in many cases, particularly for airplanes having unusual longitudinal
stability characteristics, such as low dsmping in pitch.

In recent years, the difficulties which led to use of discrete gust
analysis have been overcome to a large extent by developments in the
theory of generaMzed harmonic analysis (refs. 2 to 8) which permit the
consideration of the continuous nature of turbulence. Within the frsme-
work of generalized harmonic analysis the airplane response to turbulence
is described in terms of statistical or average quantities. The most
important of these quantities is the root-mean-square value, which pro-
vides a siqple measure of the response intensity and in the case of a
Gaussian process completely specifies the probability distribution.
(See ref. 4.)

The root-mean-square vertical acceleration of a rigid airplane has
6

previously been calculated by means of generalized harmonic analysis for
a few combinations of the damping and natural-frequencyparameters of b

short-period longitudinal.stability (ref. 4). The manner in which these
root-mean-square values may be affected by changes in the short-period
stability characteristics has been verified experimentally (ref. 5) to a
limited extent. In reference 6, the root-mean-sqwe response calcula-
tions have been extended to include pitching velocity as well as vertical
acceleration. ‘Theresults of these calculations indicate the effect of
successive chmges in some parameters which contribute to the short-
period stibility characteristics.

In the study of airplane response to continuous turbulence reported
in reference 7, the root-mean-squarevertical and pitching motions in
dimensionless form were expressed as functions of only four other nondi-
mensional parameters, namely, an airplane mass parameter, a short-period
damping parameter, a short-period damped-natural-frequencyparameter, and
a turbulence-scaleparameter. The simplification afforded by the formu-
lation of the problem in terms of these parameters makes practicable the
preparation of c@irts for the estimation of the effects of general vari-
ations in longitudinal stability characteristics of an airplane on its
response to tmbulence. The purpose of this report is to present charts 6

from which the root-mean-square vertical acceleration and pitch angle in
dimensionless form can be determined for values of the remaining four b-



liilc~m 3992 3

&
parameters. The ranges of values selected for the parameters are believed
to include values corresponding to those for most rigid unswept-wing air-

9 planes and missiles likely to be considered in the near future.

In addition to the presentation of the charts, the trends in the
variations of the root-mean-square airplane responses with each of the
four independent parameters are discussed in terms of extreme values of
two physically si-f icant combinations of the four parameters. Also,
the effects of pitching motion on the vertical acceleration of the air-
plane are indicated by a comparison of the present results with those
obtained for an airplsme free to be disturbed in vertical motion only.
The application of the charts is illustrated by mans of severel exsmples,
which were chosen to indicate the effects on the vertical-acceleration
response of changes in the airplane center of gravity, in altitude, and
in the size of the airplane.
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SYMBOLS

nondimensional normal or vertical acceleration, !?!/g

reference nondimensional normal or vertical acceleration,
qscLaw

w-u

vertical-acceleration ratio, %/%,s

airplane lift-curve slope per radian

wing lift-curve

tail ~t-curve

pitching-mc?nent

slope per radian

slope per radian

coefficient, M/qSE

longitudinal static stability derivative, a~ik

pitching-moment coefficient per nond3mmsional unit rate of

%change of angle of attack, —

q)

E&
%

acm
pitch damping derivative, -

()
a%
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local wing chord

J

13/2
mean aerodynamic wing chord, g C%y, ft

o

mean aerodynamic tsdl chord, ft

acceleration due to gravity, ft/sec2

pressure altitude, ft

frequency-response function for output response O to input
disturbance I

reduced-frequency pamneter, m5/2U, radians/semichord

damped-natural-frequencyparsmeter, ~E/2U, radianslsemichord

undsmped-natural-frequencyparsmeter, U#/2u,
radians/semichord

turbulence scale, ft

distance from airplane center of gravity to aerodynamic center
●

of horizontal tail, ft

distace frcm airplane center of.gravity to aerodynamic center
u

of wing-fuselage ccanbinationjft

pitching moment about center of gravity, ft-lb

airplane mass, slugs

-c pressure, lb/sq ft

radius of gyration in pitch, ft

wing area, sq ft

horizontal-tail area, sq ft

turbulence-scaleparaeter, 2L/E

time for disturbance to damp to one-half amplitude, sec

airspeed, ft/sec

airplane weight, lb

*“

F



NACA TN 3992 5

.
w

. Y

z

z?

a

%

Y

E

~

K

El
-

138

*
8=

..
8=

..
eS,o

..
er

v

c
P

. 0

~(k),

vertical

distance

vertical

caponent of turbulence velocity, ft/sec

along wing span

displacement, positive upward

displacement normal to airplane, positive downward

angle of attack

angle of attack due to vertical component of turbulence,
w/U, radians

short-period damping parameter, KV

dowmwash sngle,

tail-efficiency

mass P=ameter,

radians

factor

&l
cL@E

pitch angle, positive nose upward, radians

reference pitch angle, radians

pitch-angle ratio, 9/0s

reference pitching acceleration, radians/sec2

reference pitching acceleration (due tO gust OriLy),
radians/sec2

pitching-acceleration ratio, Hfds

nondhsnsional reciprocal of the time for disturbance to

dsmp to one-half smpl.itude,
E lo% 2

2~1/2

damping ratio

air density, slugs/cu ft

root-mesn-squsre value

o(m) power spectra
u
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P@),fif(d unsteady-lift functions for gust penetration

u)

%

%

Notation:

.

.*

II

?

frequency, radians/see

dsmped natural frequency, radians/see

undsmped natural frequency, radians/see

first derivative with respect to time, d/dt

second derivative with respect to time, d2/dt2

absolute value of complex quantity

pertains to body-fixed stability axes

Subscripts or superscripts:

‘2 twice basic.scale .

40 at 40,000 feet

a at rearward center-of-gravityposition

f at forward center-of-gratityposition
.

I pertains to input

o pertains to output

81 at sea level

w pertains to vertical component

%,r vertical-accelerationratio

of turbulence velocity

‘WC pertains to angle of attack due to vertical component of
tur”wlence

er pitch-angle ratio
.

.
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MET50D AND SCOPE OF C!.ALCULATIONS

Method of hldyBiB

The charts of the root-mean-squsre dimensionless vertical accelera-
tion and pitch angle to be presented herein were calculated frcm essen-
tially the expressions for the corresponding quantities given in refer-
ence 7. These expressions, which were derived on the basis of the theory
of generalized harmonic analysis, are rederived in this section, and some
additional parameters, which find application in the following sections,
are introduced.

According to the theory of generalized harmonic analysis the mean-
square value of the output of a linear system subjected to a stationary
randcm input, that is, an input process with statistical.characteristics
which are invsriant with the, can be expressed as follows (ref. k):

(1)

This expression states that the mea-square value of.the output is equal

h to the integral of the product of the input-power spectrum @l(m) and

the absolute square of the frequency-response function of the system

&) [2. The power spectrum is a continuous spectrum of the contribu-.
tion of each frequency to the totsl value of the mean-square of the
random-input function. The frequency-response function describes the
response of the system to a sinusoidal.input of unit amplitude. In the
cases of interest in this report the output O represents airplane
vertical or pttching acceleration or pitch engle, and the input I
represents the vertical component of the turbulent velocity.

Frequency-Response Functions

Equations of motion.- The frequency-response functions utilized

herein were obtained from reference 7: They represent solutions of the
equations of longitudinal motion (the effects of changes in airspeed
being ignored) for an airplane f~ng in an atmosphere in which the
vertical ccmponent of velocity vsries sinusoidally in the direction of
flight and is constant along the spen of the wing at any instant.

These equations of motion are based on the assumptions c-only
●

made in a longitudinal short-period stability snalysis of rigjd airplsmes
(ref. 9, for instance), in which an airplane is considered free to pitch

i and plunge (move in a direction normal to a longitudinal reference axis
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of the airplane). Also, the effect of unsteady flow due to gust pene-
tration on the airplane mcments was assumed to be the same as the effect
on the lift. (The lag in the application of the gust between wing and
tail was, therefore, neglected.) Turbulence velocities were assumed to
be small compared to the airspeed (so that the angle w/U in radians is
numerically eqti to its tangent), and only ‘tievertical component of
turbulence velocity was assumed to be hportant.

The equations of motion in operational form

-iau “1
me then

I -qsc~a

mU

11
=#(u))

e C@
—%m%

w (2)

The preceding equations are based on stability axes, that is, body-fixed
coor-&ates initially normal and parallel to ‘tierelative air velocity .
for undisturbed flight. These axes rotate about the origin as the air-
plane pitches and the acceleration ;‘ is not, therefore, the actual
airplane acceleration. In most practical problems, such as load deter- .

mination, the actual acceleration in the direction of the Z’-axis is
.

required. Under the short-period stability_assumptions, this quantity
is substantially the same as the absolute acceleration Y along a“
vertical axis of a coordinate-system translating at the speed of flight
but otherwise fixed in space.
is

‘f

The two sets of axes are shown
dynemic response of the system
in nature and can be described
damping parameters.

The expressi.gg

=-ti’+ti

for vertical acceleration

(3)

in figure 1. As is well known, the
described by equations (2) is oscillatory -
as a function of ndural frequency and —

Dimensionless frequency-responsefunctions.- In reference 7, solu-

tions of the equations were obtslned f~ the absolute square of the

I%( )1frequency-responsefunctions, w o an-d IIH;(U)2.
●
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By use of the relations

WI?’ w/u

k=$

. .
e =.—

>

together with

Zulci

%,r = %/%2,s

er = 0/06

/
t&n6

. . qsEc@7
eS,o = nrr’%

9

(4)

(5)

(6)

(7) —

(8)

(9)

(10)

(U)
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*

the functions ‘u snd ‘(u) 2 can be converted to the dimension-

less form lH~,r(k)12, I~~~k)12,-and @~(k) 12.
.

The parameters ~,s~

e~, and 6S,o tie reference values; ~,~ may be interpreted as the non-

dtiensional vertical acceleration that would result solely from the lift
force associated with ,themaximum value Of the sinusoidal vertical veloc-
ities; es is the zero frequency value of e; and 6s,0 may be inter-

preted as the pitching acceleration that would result solely from the
moments associated with the maximum value of the sinusoidal vertical
velocities. The quantities in the brackets in equations (8) and (10) may
be regarded as coupling factors for the effect of vertical motion. The
parameters K, y, and kd which appear in the brackets are nondimensional —
and are defined as follows:

The parsmeter tc is a mass parameter defined in reference 10, which
will be recognized as four times the mass parameter used in discrete gust
analyses as a vertical-motion dsmping coefficient (ref. 1), namely,

The parameter 7 is defined as

where l/v is a dimensionless
subside to one-ha amplitude,

v

where in turn

(12)

y~tcv (13)

form of the the for disturbed motion to
namely,

loge 2

[

~2
% -—— .—

T1/2 ( @j2F51 % 2r2c%+ “

(14)

(15)

*

fi—
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h The parsmeter 7 therefore can also be expressed as

.

Y=

The psrameter kd is a dimensionless

frequency of short-period motion, that is,

C@
kd=m

The dimensionless
the dimensionless

dsmped natural frequency

l-l

(16)

form of the damped natural

can be expressed in terms of
undamped natural frequency k. as

(17)

d

where
.

(18)

h additional p~~ter iIWOIViTIg kd and 7/K which will be
utilized subsequently is the damping ratio ~, thk ratio of damping to
critical dsmping, defined by

(19)

The use of the parameters y, v, and ~ requires some comnent.
.$nytwo of them define the third. The combination v and ~ is
probably the most significant from consideration of physical interpre-
tation. ‘l!hepdryand~ was selected, however, in order to provide
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a parameter, namely, y, which is independent of airplane mass and to
retain the identity of ~ because it is a fsmiliar fundamental param-
eter in the smalysis of the response of an airplane free to be disturbed
in the vertical ‘&rection only.

The expression for l&,r(k)12 was

in reference 7 by using the dimensionless
preceding relations and is given by

obtained frcm equation (Wa)

psmmeters defined in the

If%%-l I
2

,r(k) = (20)

4

I
2

The function ~~(k) was obtained from equation (&8b) in reference 7 as

(21)
v

._

and an expression for II~~(k) 2 can be obtained in a similar manner.
r

Unsteady-lift function.- The effect of unsteady flow on the Nft

and moment due to gust penetration was represented in reference 7 and
hereinby the function @(m), wmchappears.~ eq~tion (2), and @(k)J
which appears in equations (20) and (21). In reference 7 the following
expression was used for this fumction:

l@(k)12x 1 (22)
1 + 2fik

The expression in equation (22) ie an approximation of the unsteady lift
on a wing in two-dimensional incompressible flow. As implied by the
assumptions of stability analysis previously mentioned, the effects of

—
9

the unsteady flow associated with the tisturbed motions of the airplane
—.

were neglected.
r
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.
Assmed Power Spectrum of Atmospheric Turbulence

The power spectrum used herein for ~ (where ~ . w/~) on an air-+
plane flying at speed IJ is that used in reference 8, nsmely,

(23)

where
%

is the root-mean-square value of the angle of attack d~e tb

the vertical
rewritten in

component of turbulence velocity. Equation (23) canbe
dimensionlesssformby using the relations

W (m)‘C%c

The resulting expression for the power spectrum is

(24)

(25)

Final Equations

In terms of the dimensionless frequency-response functions given
by equations (20) and (21), the unsteady-lift functioning equation (22),
and the power sp-ectrmngiven by equation (25), the expressions for the
mean-square values of ~,r and Or are

w

%,: ‘Jmp%q’‘%C(k)& (26)
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and

(27)

.

.

Presentation of Charts

Range of parsmeters.- Equations (26) and (27) were integrated in

closed form and the rather lengthy expressions for a end Ue
%,r

were ‘- \
r

evaluted by an automatic digital computer for the following ranges of
values of kd, R, y, and S:

.-

50s ~ S’,ooo

*

The upper limits of these parameters were chosen to be appreciably
higher than the largest values found in a survey of contemporary air-
planes. The upper limit of ~, in particular, may seem excessively large, ‘
but this value may be approached by small heavily loaded missiles at high
altitude. The lower limits of the psramet&s were set by various consid-

.—

erations. The limit of zero for kd corresponds to critical damping.

The limit of unity for y is inherent in the definition of 7 for stable
airplanes. (See-eq. (16).) lt mightbe no+ed that tailless airplsmes are
often characterized by values of 7 near unity. The lower limit of K
was chosen to include lightly loaded airplanes, such as sailplanes.

The limits of s require special mention. me value of s depends
on the values of the turbulence scale L. Measurements of atmospheric
turbulence from flight tests indicate that_L is in the order of
1,000 feet, and on this basis the range of--s would be from about lW-
to 2,000 for large airplanes and smell missiles, respectively. However,
the iower limit of s was extended down to ~0 % apply’to v-dues
lower than I,00J3feet if further tests indicate their existence.

Index to charts.- The calculated values of a% r and Cgr
9

sented as fUnCtiOIISof” kd in figures 2 ad 3, respectively, for

-.
of L-

are pre-
W

various .

s
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.
values of y, ~, and So kg-log paper was used for the charts in
order to make the presentation ccunpactand to perdt reading to a con-

. stant number of significant figures. It should be noted that vslues of

‘%, r
for kd = O are presented as arrowheads to the left of the ver-

tical.axis of each a% r chart. One of these values on each chart,

namely, that for y = 2J is of special significance in that, as indi-
cated in equation (8), the pitching motion is zero. These values, there-
fore, are for an airplane free to be disturbed only in vertical motion
and are comparable to those presented in reference 10. “Thevalues of

‘%,r
fOr kd = O and y = 2 are functions of ~ and S Ody and

are presented as a function of ~ in figure 4 as an extension of the
information presented in reference 10. (Note that in ref. 10, s is
defined as the inverse of s in this report.)

No special significance should be attached to the fact that the
root-mean-square quantities in figures 2 and 3 are plotted as a func-
tion of kd. ~s procedure was followed to minimize overlapping of
the curves in order to protide ease in resting. Sample plots of the
root-mean-square quantities are also given in figures 5 and 6 as a
function of R/y, which is comparable to the presentation in figure 4.

9 Values of root-mesn-square pitching-acceleration ratio m~r (for

definition of ~r see eq. (9)) were also calculated by use of sn expres-
. sion for the absolute square of the frequency-response function obtained

frun equation (48b) of reference 7 and are presented in table I. No
charts have been prepared for these results:

The

Some Variations of Airplane Responses With

in the Dimensionless Parameters

charts indicate that the variations of an

Variations

~d ae
%,r

with
r

each of the parmeters kd~ ~, y, snd s differ considerably for the

innumerable combinations of the parameters which may result frcm various
airplane configurations. These variations, however, can be systematized
to a lsrge extent by considering the variations of the a’s for extreme
values of only two cmubinations of the four parameters. !thetWO ccxnbi-
nations are:

(1) The ratio of kd to yl~

(2) The product of ~ and s
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The first combination appears in the denominator that is common to
.

equations (20) and (21). The relationship of kd to 7/K determines

the ratio of damping to critical damping ~..and the undamped nat~a.1.. ___l_

frequency parameter ~. (See eqs. (17) and (19).) For ~ << 1.0 the
1. 7/K

value of { = 1.0 and ~ = ‘d7/tc. For — >> 1.0 the value of ~ <0.1
7/K

and k. = kd. —

The second significant conibinationof parameters with regard to the
variations of the a’s, the product of k. and s, determines the e~an-
sion or compression of the power-spectrum fm:equencyscale relative to

—

that of the freq~ncy-response function.

For k& >> 1.0, the frequency scale of the input spectrmn is com-

pressed relative to that of the frequency-response function so that the
amplitude of the input spectrun_varies inversely with the square of the
reduced frequency beginning at a frequency that is a smsll fraction of
the undamped natursl frequency of the airplane. !llhecondition kos >> 1.0

is termed herein lsrge relative-turbulence scale. The general relation
between the vertical-acceleration and pitch-angle frequency-response
modull.iand the power spectrum for lsrge relative-turbulence scale is indi- . ‘1
cated in figure 7(a).

For k@ << 1.0 the frequency scale of the input spectrum is .

expanded relative to that of the frequency-response function so that the
value of the input spectrum is nearly const_~t up to a frequency many

-

times the undsmped.natural frequency of the atrplane. This condition is
termed herein small relative-turbulence scale. The genersl relation
between the airplane frequency-responsemodul-iand the p~er sPectr~.for
small relative-turbulence scale is indicated in figure 7(b).

The condition of large relative-turbulencescale appears to apply for
Conditions approaching smallmost airplanes and atmospheric conditions....

relative-tur”~ulencescale may be encountered occasionally. However, the
portion of the turbulence spectrum associa&d with small rel.ative-
turbulence scsle (the relatively constant portion at very long wave-

.,-

lengths) is sub~ect to a lsxge degree of uncertainty compared with the
remainder of the spectrum. The root-mean-squsre quantities for small
relative-turbulence scsle are given primarily as an aid to the estimation “- –
of response trends for moderate values of relative-turbulencescsle. —

An appendix is included inwhi.ch the extrenw conditions of damping
and relative-tur”bulencescale are shown to permit a simplification

*

of the integrals in equations (26) and (27).so that short formulas
(eqs. (Al) to (A6)) expressing the variations of a%,r

and 60 with r
r
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. each of the parameters ‘d) IC, 7, and S can be readily

all extreme conditions except the nearly critically damped

17

obtained for

conditions
. ‘or ‘%,r’ In the case for critical &ping the variations of a

%,r
can be visualized qualitatively. The results for the extreme conditions
are sumnmrized in table II. The qualitative description of the varia-
tions of the ci’s on the basis of the results in table 11 permits some
generalization of results in studies of turbulence problems, as will be
indicated in connection with some examples of chart application.

USE*OF THE CHARTS

Chart Limitations

In the derivation of the equations from which the charts were ca-
lculated,some physical effects which are known to contribute to the
response of an airplane to turbulence were purposely excluded and others
were idealized in order to simplify the’equations. Without these simpli-
fications, the coverage of a wide range
require an impracticably large effort.
these effects, however, imposes certain
charts.

of airplane characteristics would
The exclusion and idea13.zationof
limitations on the use of the

The effects pertinent to the response of an airplane to turbulence
. which have been excluded by the assumptions of short-period stability

analysis are the lsrge perturbations in airplane motion which may occur
for airplanes having very law damping ratios and the unsteady Uft
accompanying a change in the angle of attack due to airplane disturbed
motions (Wagner effect). Errors in the values of the a

%,r
and Ue

r
obtained from the charts due to large perturbations are thus a function
of both ~ and a

%?
and increase as

‘%C
is increased or ~ is

reduced. W errors due to neglect of the Wsgner effect are expected
to increase with an increase in ko.

The effect of neglecting the lag in application of the vertical
turbulence velocities between the wing @ tsll is to decrease the root-
mean-squsxe response in much the sane manner as would be obtained from an
increase in damping ratio. This effect increases with sn increase in

~2 1 ‘t2 d~
tail effectiveness ~c _— and with both a decrease

>~~ s Lajt 32da

in k. and an increase in ~ for a given tail effectiveness.

The charts are based on an airplane flying with elevator neutral
(fixed). The effect of a pilot is not included.



+
18 NACA ll!3992

me input power spectrmn used in the c@rt c@cu@tions is based
.

on the assmnption that the lift on the airplane is not appreciably
affected by lateral (spanwise)variations of turbulence vertical veloci-
ties. It was pointed out in reference 7 that this assum@ion should

.

provide satisfactory results for rigid airplanes having wing spans less
than 100 feet. More recent information indicates that for the present
purpose the spectrum,should give satisfactory results even for airplanes
with spans up to about 200 feet.

As was stated earlier this input power spectw is subject Lo a
large degree of uncertainty in the lower frequency region where it is
relatively constant and, therefore, the results for the small values of
relative-turbulence scale (kos <C 1) are to be used only as an aid to

the estimation of response trends for moderate and large values of
relative-turbulence scale. me validity of the charts for values of
kos < 3 is uncertain. A boundary for this condition is indicated on
each chart in figures 2 and 3 except for charts for R equal to @ and
100 in figure 3. TIE curves for ~ of 40 gnd 100 ue tio crowded to
permit the insertion of a clearly defined boundary.

The basic assumptions and the choice of.unsteady-lift functions
used in the calculation of the charts thus imply that the charts are
mat applicable to rigid unswept-wing airplmes of not much more than
2oo-foot wing spm.f~yi~ at ~OW subso~c spee%. It iS be~eved~ .

however, that useful estimates of changes in stability characteristics
can be made for fairly rigid airplanes with wings of other plan forml
such as swept or trismgular flying at high subsonic and supersonic .

speeds. In general the charts presented herein (figs. 2 and 3) are best
suited for the estimation of effects of changes in short-period stability

—

characteristics on the root-mean-square vertical-acceleration md pl~h
angle rather than for determining the magnitude of the root-mean-square
quantities for a given set of airplane and t_wbulence parameters. The
use of the charts to estimate the effects of such changes tends to mini-

—

mize errors arising from simplifying assumptions and uncertainties in
values of stability parameters.

Evaluation of Required Parameters

Stability psmmeters. - The stability parameters kd and 7 ~ybe

obtained from ~ md T1 z, which in turn may be dete,mned from flight
/

tests of an existing full-scale or model airplane, or else kd and 7

may be calculated from equations (16) to (18) in which vslues of the
stability derivatives

C%L’ ~~ ~, and %
are obtained from what- .

ever source is considered most reliable. The mass parameter R is
usually calculated by using values of

C&
either measured or calculated. u
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. Inasmuch as all airplsne structures are flexible to a degree, cal-
culations of the stability derivatives should include static aeroekstic
effects. (Quasi-static aeroelastic effects, that is, those which srise.
from the structural deformation caused by the inertia loads in a uniform
normal acceleration, can be included in the same way. See ref. 11, for
instance.) The completely dynemic response of airplane structures, which
includes inertia loads based on the locsl accelerations, cannot be taken
into account in the use of the present charts snd the results obtained
therefrom will be subject to increasing errors as the natural frequencies
and damping ratios decrease in values and as the static deflections of
the natural structural modes increase in vslue.

Scale of turbulence.- The evaluation of the turbulence-scsle pamm-
eter s requires that a value of L be selected. As mentioned else-
where, little is known as to what variations in the value of L may
occur or what meteorological conditions may affect the value of L.
Sane available information suggests that L is in the vicinity of
1,000 feet.

Examples of Chart Application

wee exsmples me presented to illustrate application of the charts
snd to provide information on sme typical turbulence-responseproblems.u-
They illustrate, respectively, the effect on vertical acceleration of
changing the airplane center-of-gravi@ position, the altitude, and the

. geometric scale. The ssme basic airplane configuration was used in all
three examples. The configuration chosen is that of a moderate-speed
unswept-wing fighter airplane for which some flight test results were
reported in reference 5. The pertinent characteristics of the basic air-
plane sre listed in table III.

Change in airplane center of gravity.- The change in center of

gravity was taken to be a resrward shift smounting to 6.6 percent of the
mean aerodynamic chord of the wing. This chsnge, together with slight
chsmges in weight and radius of gyration indicated in table IV, was
chosen to be the ssme as the value used in flight tests of the fighter
airplane considered in reference 5. Values of ~, y, and ~ listed

in table W fOr both Center-Of-gratity positions indicate that only kd

is appreciably sffected by the center-of-gravity change. Values of

a%,r
obtained from the chsrts by graphicsl interpolation for S = 297,

which corresponds to L = 1,000 feet, and for the tabulated values of
IC, 7, snd kd are also presented in table IV. The ratio of aan r

9
for center of gravity rearward to that for center of gravity forw~d was
found to be 1.045, from which the root-mesn-sq~”e vertical acceleration
was found to increase about 7.5 percent as the center of gravity was
changed from the front to the resr position.
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The results of the flight tests smd calculations reported in ref-
.

erence 5 indicate increases in
‘%

of about 10 and 13 perceut, respec-

tively. The differences between the results from the charts and from *

the calculations of reference 5 show, to a certain extent, the effects
of unsteady lift due to a change in angle of attack (Wagner function) and
of lag in application of the turbulence velocities between the wing and
tail. These effects were accounted for in the calculations of reference 5,
but, as previously indicated, were not included in the calculation of the
chsrts. A cmparison of the calculated results on this basis is not, how-
ever, completely clear-cut because the input power spectrum used in refer-
ence 5 was somewhat different from the .spectrm used herein.

The present results together with those from reference 5 indicate
that rearward shift in center of gravity results in a moderate increase

‘n ‘%,r
for the airplane considered.

Some generalization concerning the effe_ctof a change in center-of-
gravity position can be made on the basis of the information given in

.—

tables 11 and 111. A pure shift of center-of-gravityposition produces
little change in y (at least for airplanes with tails) and no change in
K or s. A shift in the center-of-gravity position, however, may produce
a change in kd; a rearward shift tends to reduce ko. For a nearly

critically damped airplane u
%,r

is nearly independent of ~ W, , -

consequently, a change in center-of-gravityposition should cause no
appreciable change in the airplane response. For lightly dsmped air-
planes (~ < 0.1) the reduction in kd whidh accompanies a rearward

center-of-gravity shift should cause a proportional decrease in vertical-
acceleration response for small relative-t~bulence scales (%s C< 1.0).

For large relative-turbulence scales, the reduction in kd should cause

a moderate increase in vertical-accelerationresponse. The conditions
and the results of the numerical example given favor the lsst category
cited.

Chsrqqe in al.titude.-The change in altitude selected was from sea

level to 40,000 feet. The equivalent airsfied and the true turbulence
intensity were assumed to be invariant with altitude. Effects of Mach
number changes were not considered. As indicated in table V, wherein
are listed the quantities which change with—altitude, the mass param-
eter R is increased about four times at 40,000 feet, whereas the dsmped
natural-frequency parsmeter kd is reduced to about one-half of the sea-

level value. The ratio of acceleration at 40,000 feet to sea-level
acceleration indicates that there is no appreciable change in vertical
acceleration with altitude for the example airplape, provided that the
turbulence intensity is independent of altitude.

—
.

.

—

-.

b
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.
AS a matter of interest, the effect of pitcm~ motion on the vari-

ations in acceleration response with altitude was indicated by ccmparing
the preceding acceleration data with that for a nonpitcbing airplane.
The latter data were obtained from the charts for ~ = O (for an air-

plane with 7 nesrly 2). It was found that the root-mean-square vertical
acceleration for the nonpitching airplane was about 20 percent lower at
40,000 feet than at sea level.

Some generalization of the effects of sltitude change on the
response of the pitching airplane can be made. It can be shown by using
equation (Al) in the appendix that the root-mean-square vertical accele-
ration for the lightly dsmped airplane end for small relative-turbulence
scale (~s << 1.0) varies directly in proportion to the square root of
air density. For large relative-turbulence scale, it csn be shown by using
equation (A2) that the vertical acceleration for the lightly dsmped air-
plianeis nesrly independent of chsmges in air density except for unsteady-
lift effects which cause a small increase in acceleration with a decrease
in air density that becomes more pronounced with an increase in the value
Of kd at sea level. It appears impractical to extend generalization to
the behavior of the acceleration response for airplanes which are nearly
critically dsmped. For this dsmping condition, the trend of

a%,r ‘M
changes in air density is in opposition to the trend of ~,s with changes

● in air density and, therefore, specific cases must be determined. In many
practical cases, effects of Mach nmiber changes should not be neglected as
they were in this example.

.

Change in airplane size.- A ccmrparisonwas made of the vertical-
acceleration responses of the basic airplane and an airplane twice its
size. The airplanes were assmed to be dynamically similsr, that is,
values of ~,sj tc, y, and kd were unchanged. As indicated in

table VI the turbulence-scale parsmeter s is changed, however, as a
result of the change in the wing reference chord. The 2:1 increase in
airplane scale resulted in a 35 percent increase in

a%,r
andinu

%“
In general, as shown in table U an increase in airplane size will.be
accompanied by a decrease in

a%
for a small relative-turbulence scale

and by an increase in
%

for a large relative-turbulence scale. The

results of the numerical exsmple are in agreement with the latter
relation.

COMPARISONWI’IH NONHTCHING AIRPMNE

.

In the past, gust loads on airplanes, with the exception of those of
unusual configurations, have generally been calculated on the assmption.
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(based on results of discrete gust analysis and on gust-tunnel tests
summarized in ref. 1) that the effect of pitching motion on vertical
accelerations is, if not necessarily negligible, at least nearly the
ssme for all airplanes. In other words, the accelerations have been
calculated on the basis of vertical-motion response only and, conse-
quently, the accelerations are determined solely by the mass parsm-
eter ~, except that for continuous-turbulencecalculations the scale
parsmeter s enters as well. (See ref. 10.) !lhisprocedure has been
considered to be applicable only tm airplanes having satisfactory
handling qualities. It is, therefore, of interest to compare the gen-
eral results of the study of the effects of short-period stability
characteristicswith those for the condition of no pitch and also to
examine these results in the light of a satisfactory handling-qualities
criterion.

.

.

Effects of nearly critical and nearly zero damping ratios.- It has
been pointed out previously that the ps.rticulu condition of kd = O

and 7 = 2 represents the no-pitch case @eated in reference 10 and that
%

‘dws ‘f a%,r
for the condition of O .<— <<1.0 (nearly critically -

yf~
damped) and 7-= 2 are nearly identical to ~ose for the no-pitch case.
Observations of the charts (fig. 2) indicate that, for
greater than 2 and for a given value of tc,the values

nearly critically dsmped airplane are alw~s less than
no-pitch case. For values of ~ between 1 and 2, the

for a gtven value of R are higher than those for the
never exceed the maxtmum value with respect to ~ for

kd >>
For the airplane with a very low dsmping ratio —

7/K

‘%l,r
may in scme cases greatly exceed values of

a%,

values of 7
of

a%,r
for the

w
the values for the
values of U%,r .-

no-pitch case but
the no-pitch case.

1.0 the values of

for the no-
r

pit~h condition. (See fig. 2(u).)

Handling-qualities boundary.- The handling qualities of an airplane

are generally considered satisfactory if a disturbed motion of the air-
plane decays to a stipulated fraction of its initial magnitude in less
than a certain number of cycles. A ccmmonly used condition is one-tenth
of the initial magnitude in less than one cycle. The handling-qualities
criterion can be expressed as a function of the damping ratio only and
for the particular case cited, the corresponding damping ratio,- ~ z 0.345.

!his &unpin& ratio is not nearly critical by the criterion

(
in this case

)
% 5 2.73 ; nevertheless, this restriction
7/K

kd
of

7
<< 1.07K

when applied to -

.
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.
the curves presented in figure 2 (the
serves in general to limit uan r to

9

23

boundary is indicated on the charts)
values equal to or less than those

for the no-pitch condition. E&eptions exist for 7<2 under all con-
ditions and for values of 7>2 at small values of s; however, even for
these conditions, the values of a% r remain below unity. For damping

9
ratios appreciably lower than that set by the handling-qualities criterion,
the vslues of a% r may reach indefinitely large values for small values

)
of s.

‘I!be
discrete
hslldling
to gusts
response

preceding results tend to corroborate a conclusion reached in
gust analyses; namely, that, for airplanes hating satisfactory
qualities, conservative vslues of the vertical.accelerations due
can gener&ll.ybe calculated on the basis of vertical-motion
only.

CONCLUDING REMARKS

Charts have been presented for estimating the effects of variations
in short-period stability characteristics of ~ rigid airplane on its root-
~an-square vertical-acceleration and pitch-angle response to continuousu
atmospheric turbulence. l%om these charts the root-mean-square quantities
in tiensionless form can be determined for values of four other dimen-

., sionless psrsmeters; namely, an airplane mass parameter IC,a short-period
_@ Par=ter 7, a short-period damped-natural-frequencyparameter kd,
end a turbulence-scale parameter s. Analysis of the equations from which
the charts were calculated indicates that the variations of the vertical
acceleration and pitch sngle with the other parameters are largely deter-
mined by two other quantities; ns.mely,the danping ratio of the airplsne
which may be expressed in terms of IC, 7, and kd, and the relative-

turbulence scale which maybe expressed in terms of the undamped-natura2.-
frequency parameter k. and the turbulence-scale parsmeter s. Form~as

sre presented for some extreme conditions of dsmphg ratio and relative-
turbulence scale to facilitate some qualitative generalization of trends
of root-mesn-square response with chsnges in kd, IC, 7, and S.

l?hecharts are best suited for the estimation of the effects of
changes in short-period stability characteristics of rigid unswept-wing
airplanes of not more than 200-foot wing span flying at low subsonic
speeds. It is believed, however, that useful estimates of first-order
effects csm be made for airplanes with wings of other plan forms flying
at high speeds.
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Examples of chsrt application have been presented to show the .

effects on vertical acceleration of changes in airplane center of.gravity,
in altitude, and in geometric scale. The results indicate that, for the
particular airplane considered, the vertical acceleration is increased

.

by a rearward shift in the center of gratity; no significant change in
vertical acceleration occurs for a change in altitude frcm sea level to
40,000 feet, if the equivalent airspeed and true turbulence velocities”
are constant and effects of Mach”nmnber are not considered; sad that the
acceleration is increased as the geometric scale of the airplane is
increased.

A cmnparison of the root-mean-square vertical-accelerationresponse
of an airplane free to be disturbed in vertical and pitching motions

:

with that of sm airplane free to be disturbed only in vertical motion
-.

(nonpitching) indicates that the responses are very nearly the ssme for “’
a nearly critically dsmped airplane having a short-period damping param-
eter 7 of 2. For values of y greater tjmn 2, the vertical accele-
ration response of the nearly critically dsmped airplane is always less
than that for the airplane for which 7 = 2. On the other hand, the
vertical-accelerationresponse of an airplsiiewith a very low damping
ratio may greatly exceed the response of M airplane which is free to
be disturbed in vertical motion only.

‘Iheapplication of a satisfactory-handling-qualitiescriterion to
the vertical-accelerationcharts indicates that in many cases the

d

vertical-accelerationresponse of an airplane having satisfactory handling
qualities is less than that for an airplane free to be disturbed only-in .
verticsl motion and in no case does it exceed the reference acceleration
response which ignores the effects of airplane motion and of unsteady .-

lift.
—

Langley Aeronautical Laboratory,
National Advisory Committee for Aeronautics,

Langley Field, Vs., Jsnuary 29, 1957.
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.

ANALYSIS OF AJXFIANE RESFONSES AS AFFECTED BY VARINIYONS

IN TEE DIMENSIONLESS PARMYCEM

The charts presented herein indicate that the mam.ne
r ‘n ‘inch ‘%jr

or aO vaxies with each of the parsneters l%, ~, 7, and s differs
r

considerably for the many possible combinations of the parameters which
may result from various airplane configurations. This appendix shows
that these variations can be systematized to a large extent by considering
the vsxiations of the a‘s for extreme values of the airplane damping
ratio and the relative-turbulence scale previously described in the text.
These extreme conditions permit a simplification of the integrals in
equations (26) and (27) so that short formulas expressing the variations

‘f a%,r ‘d aer
with each of the parameters can be obtained readily

for all extreme conditions except the nesrl.ycritically damped conditions

‘or a%,r” ‘or ‘ms
lized qualitatively.

* for discussion of the
useful in some cases.

.

exception; the vsxiations of a
%,r

can be visua-

The formulas are used in this appendix as a basis
variations of the a~s and msy also be tirectly

.

.

Effect of the Various Parameters on the

Vertical.Acceleration

Effect of 1% on a% r.- For values of ~ that are small compared

(

k:
to the ratio yl~ ssy —

)
< 0.1 , the modulus of the frequency-response

yll$
function and consequently the root-mean-square acceleration ratio ‘an,r

are practically independent of variations in kd as indicated by equa-

tion (20). This characteristic is unaffected by changes in the vslue of
& relative to s.

kd
For values of — > 10 the system has very low dsmping (~ < 0.1)

y/K
snd a resonant peak of high smplitude is present in the transfer-function
modulus. (See fig. 7.) The smplitude of the resonsm.tpesk is so great
that the area represented by the integral (eq. (26)) is very nearly pro-
portional to the srea under the peak alone. This characteristic, together
with the small width of the resonant peak, permits a shuple approximation

-.
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‘f a%, r by ‘he
multiplication
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of the integral of the absolute square

of the transfer function alone by the values of the unsteady-lift func-
tion and the power spectrum at the resonant frequency k. ==kd. This

approximation is based on the approach outlined in equations (9) md (17)
to (21) in reference 8 and yields, for a small relative-turbulence scale
(kds < 0.6),

(Al)

and for a large relative-turbulencescale (kds > 10)

[1
1/2

31@(%) 12’
a%,r % 47s

(M)

As indicated by equations (Al) and (M), the variation of a% r
9

with kd for the very low damping conditions depends upon the relaiive-

turbulence scale. For a small relative-turbulence scale
aan,r ‘s

indicated by ecpation (Al) to vary directly with kd excel?tfor the

effect of unsteady lift, which for most practical values of kd pro-

duces a minor decrease in
a%,r

with am increase in kd. ~s charac-

teristic arises from the combination of a flat power spectrum and an
increase in amplitude of the resonant peak of the transfer-function
modulus that accompanies a decrease in damping ratio as kd increases.

(See fig. 7(b).) For a large relative-turbulence scale a% r is

indicated by equation (A2) to be independent of kd except $or the

effect of unsteady lift which results in a moderate decrease in a%,r
with increasing ValUeS Of kd. This characteristic arises from the -

combination of a variation of resonant peak amplitude, which is identical. “
to that for a small relative-turbulencescale, and a power spectrum that
varies inversely with the square of kd over a wide rq.ngeof values of

kd. The increase in area under the resonant peak which occurs with an

increase in kd is nullified by the accompanying reduction in the value

of the power spectrum at the resonant frequency. (See fig. T(a).) !Fhe
trends of a

%,r
with k are summarized in table 11.

.

.

—

.-
●

. ——
.—

—.—

—

—
.

.
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* Effect of K and 7 on
‘an,r.- The parameters K and 7 are

indicated by equation (20) to affect the transfer fumction in the form
of the ratios y\K and ~y. The results shown in figure 5 indicate,
however, that the contribution of the term containing 1/7, while appre-.
cia”~lefor large values of 7/K, does not affect the general trend of.

kd
For — << 1.0 the nearly critical sing results in a transfer-

7/K
function mo&l.us with a shape which is similar to the shape of the
transfer-functionmodulus for an airplane free to be disturbed in the
vertical direction Only (nonpitching airplane). ‘12hissimilari~ is not

surprising, inasmuch as the nonpitching condition is obtained from the
present equations for kd = O ad 7 = 2, as has been pointed out pre-

viously. Consequently, the variation of a~ r with 7/K for the con-
9

dition ‘d—<< 1.0 will be similar to that for the nonpitching airplane.
7/K

Although no simple procedure for the calculation of the variation of
n r with 7/K‘a for the nonpitching airplane has been discovered, this
9.

variation can be estimated from an examination Of the transfer-function
modulus squared, which is obtained from equation (20) by setti~ 7 = 2

. and kd = O. me trsnsfer-function modulus squsred
I%,r(k)l

approaches the value of the unsteady-lift’function squared l@(k)12 as k

incresses, and increasing values of K cause I IH~r(k)2 toreach a
given percentage of the unsteady-lift function squ&ed at pro~essively
lower frequencies. It follows, therefore, that a

%,r
will increase with

an increase in K due to the increase in area under the product of the

power spectrum and l~,r(k)12. ~S variation, however, does not con-

tinue indefinitely. As K approaches infinite values, the transfer-
function modulus approaches the unsteady-lift function for all frequencies.
me maximum value of a

%, r
is, therefore, proportional to the square root

of the area under the product of the power spectrm and the unsteady-lift
function only. ‘Iheasymptotic value of u

?n,r
with respect to K is

then a function of only the turbulence-scale parameter s and is always
less than unity.
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Examination of equation (20) indicates that a s~lar vsriation of
.

a% . with K (or K/7 for a given value of 7) occurs for other
—

AL, L

values of 7 when k.d= O

with respect to K are the—
kd

dition O < —<< 1.0, the
7/K

nearly the ssineas that for

. -.
and that the asymptotic values of

.
aan,r

same for all values of 7. For the con-

variation of a~ r with y/K will be

kd = O. The asy&totic values do not apply

for kd # 0, however, inasmuch as, for very small values

values of K), kd cannot then be small crmqxcredto this

The vsriation of a
%,r

with 7 for a given value

of 7/K (large

ratio. —

of K (the fozm

of presentation in figure 2) can also be estimated from eqwtion (20).

An increase in 7 increases the frequency at which lE~r(k)12‘cachesagivenP==ntwsof the unsteady-lift function and also’increases the
rate with respect to frequency at which this condition is approached.
me former characteristic tends to prevail and reduces the srea under

I

2
Ha r(k) and consequently tends to reduce

a%,r”
Om the other hand,

for i given value of 7/K (the more physically significant parameter) ~

‘an,r
can be shown by similar reasoning to increase with a increase in

7 for the nesrly critically -ed airplane (form of presentation in
figs. ~(b) and 5(c)). .

kd
For —>> 1.0 the presence of a high resonant peak in the modulus ‘

7/K
of the frequency-response function due to a very low dsmping ratio causes

a%, r
to wry inversely with the squsre root of 7/K for both small ad

large relative-turbulence scale. (See eqs. ‘(Al)end (A2).) fi equation
(20) it can be observed that for small values of 7/K the n~erator te~
containing both 7~K end l~y becomes very small compared with the
remaining terms, thus K and 7 sffect the transfer function in the
form of the ratio 7/K only.

The characteristics indicated for variations of a~ r with 7/K

and 7, together with those indicated earlier for variati&s with kd,

cen be observed in figures 4 and ~. It should be noted that a% r is

presented in these figures as a function of tc/7 rather than 7/;.
This presentation wsE used because u

%,r
vsries over a wider range .

with practical values of K than it does with ~.
“
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.
Figure 5(a) is presented.to show the effects of a change in ~

as well aE a change in K. The value of 7 is fixed at 2 in order that
. the nonpitching airplane may be representedhy the curve ~ = O.

Simi.lsXvariations of a% ~ with K/y and kd are-found in fig-

ures-5(b) and 5(c) for s = ~ &d 2,000, respectively. These figures,
however, also indicate the effect of changes in y for given values of
.jy. Atthelower values of IC/7,which tend toward a critical damping
ratio, the effect of a change in 7 is maximum; an increase in y for
a given value of K~y increases ‘anjr” At the larger values of K/7

the effect of changes in 7 tends to-become negligible. The trends of
the variation of a

%,r
with y/K and with y for given values of

y/K are summarized in table 11.

Effect of s On ~an,r.- The effect of an increase in the turbulence- -

scale parameter s depends upon the relative-turbulence scale. For a
small relative-turbulence scale (%s << 1.0), tian,r canbe shown to

incresse directly with the square root of s regardless of the magnitude
of the damping ratio. (For small dmrping ratio, see.eq. (Al).) For large
relative-turbulence scale, on the other hand, aan,r decreases wtth an%.
increase in s and varies inversely with the sq~e root of s for the
case of nearly zero damping ratio. (See eq. (A2).)

.

Effect of the Various Parameters on the Pitch Angle

The vsriation of aer with kd, K, y, and s and the manner in

which this variation is affected by the system damping ratio and the
relative-turbulence scale sre generally sindlsr to those of a%,r= &
in the case of a

%,r’
there is little variation of aer with kd

except for the simultaneous condition of small damping (~>>1.0) and

small relative-turbulence scale (~s << 1.0) for which aer can “be

shown to vary in direct proportion to ~.

There are several differences, however, between the variations of

‘er an,r with K/’y.and a First of all, the panuneters K and y are
. involved only in the ratio 7/K as indicatedby equation (21). Secondly,

aer for the nesrly critically damped condition
($%<<1”0) ‘d for “

( )‘s <<1.0 canbe sh~ to be inverselyrelative-turbulence scale ~
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proportional to the square root of tc/7. For the seinedsmping condition
but for large relative-turbulence scale, aer is independent of K/7

and can be shown to be equal to unity. For very low damping ratios and .

for both lsrge and small relative-turbulence-scales} aer cm be shown to

vary directly with the square root of K/7 ●

The variation of aer with S iS Similar to that Of 0
%, r

except

for the condition of nearly critical damping and lsrge relative-turbulence
scale for which it can be shown that aer iS independent of s ~d eq~

to unity.

The foregoing characteristicswere obtained from the following equa-
tions which are based on the same approach-as used for equations (Al) and
(A2). For a small&lative-turbulence scale (kos ~< 1.0) and for nearly

critical damping
(~<< ’”o)’

[1*1S7 1/2

Cer 2 K (A3)

whereas for very low damping [~>> 1.o),
*

.. L -1

.

(A4)

so that CTe ‘d ‘%)r
are approximately the ssme. (See eq. (Al).)

r

For a large relative-tubulence scale (kos >> ~.o) and for ne~~

critical.dsmpi.ng,

‘er

= 1.0 (A5)

whereas for very low damping
(2>> 1”0)’

—.

—

.

.
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.er=p.$q” (A6)

The second term of equation (A6) is the ssme as equation (A2). The unit
value of the first term accounts for the area under the product of the
power spectrm and the transfer-functionmodulus squared over the range
of frequencies from zero to a frequency at which the value of the power
spectrum is extremely small, the value of the transfer function-modulus
over this frequency range being unity. (See fig. y(a).)

The chsxacteristics indicated by equations (A3) ta (A6) for varia-
tions of Cror with y/K canbe observed infigure 6. As in the presen-

‘ition ‘f ‘%,r’
the reciprocal of 7/K is used. The ssmple curves

presented in figure 6(a) for s . 50 indicate differences in the trends
of agr with K/7 for different frequencies. me sample curves presen-

sented in figure 6(b) for s = 2,000 indicate similar trends of crer

with K/y fOr different frequencies. The trends of Cer with kd,

y/K, and s are sunuiarizedin table II.

.
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variationof u With -

Mlrping ratio Relative-turbulence scale Equation

❑ %3 ~ 17

‘%,r

1

SmsU, IsoEl = sy/K << 1.0 ----
~ ~112

/

hcre=es tith K/y

Neexl.y unlw, EKUI increases with y

kd ~nt for given value
~ << 1.0

Lage, ~a = s7/E >> 1.0 ----
WcreUea of K/7

With s

{

Small, koa . QS << 1.0 (Al)
~ #2

,}

a
a kd (R/7)w end

Lsas thm 0.1,

kd

independent of 7

~ >> 1.0
me, ~s = k..y >> 1,0

for sLven value

(A2)
~ ~-1/2

lE&pendent I
of K7

Oe r

I

SinsU, k.os = ay/K << 1.0 (M)
~ S1/2

Nearly unity, Wiependellt a (R/@2

Q
— << 1.0 %dependent
7/s Ie.rge, ~s = ay/K >> l.O (A5) = 1.0 = 1.0and equals 1.0

.

J.K?S8 then 0.1,

{

EkneJl, k& = k.+ <c 1.0 (A4) ~ #2 R ka
~>>lo

= a-1/2
>

independent

u (lc/7)m

7/K “ Lswge, ~a = ~s >> 1.0 (A6)
,

.
%mreases acmewhat with ~ at higher values of ~, due to unsteady Ilft.

. I

u
+-
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TABLE III.- CHARACTERISTICS OF BASIC AJRPIXIE

Et, ft ●

2W,ft ●

It, ft ●

r, ft.

.

.

.

.

.
S;sq ft.
St, Sq ft

U, ft/sec
W, lb..

.

.

.

.

.

CL~,w, per radian... . ..” O.=.

~,t~ (b=ed on
E, ft.

.

de/da . .
p, slugs/cu ft

.

.
●

●

.

●

✎

●

✎

✎

✎

✎

✎

✎

tail.area) per radisn

●

✎

✎

✎

✎

●

✎

✎

●

✎

✎

.

●

✎

✎

✎

✎

✎

✎

●

✎

✎

.

.

.

.

.

.

.

.
●

✎

✎

.

.

●

✎

●

✎

✎

✎

●

●

✎

●

●

✎

✎

✎

✎

✎

✎

✎

✎

✎

●

✎

●

✎

✎

✎

✎

✎

●

✎

●

●

✎

✎

✎

✎

✎

✎

✎

✎

✎

●

●

✎

✎

✎

✎

✎

✎

✎

✎

✎

●

.

.

.

.

●

✎

✎

●

✎

✎

●

.

●

✎

✎

●

✎

✎

✎

✎

✎

●

.

●

✎

✎

✎

✎

✎

✎

✎

✎

✎

.

.

.

.

.

.

.

.

.

.

.

.

.

.

●

✎

✎

✎

✎

✎

●

✎

✎

✎

.

●

●

✎

✎

✎

✎

✎

✎

✎

●

✎

✎

●

✎

●

✎

✎

✎

✎

●

✎

✎

✎

✎

✎

.

.

.

.

●

✎

✎

●

✎

●

✎

●

✎

.

●

✎

●

●

✎

✎

●

✎

✎

✎

✎

✎

.

.

●

✎

✎

●

✎

✎

✎

✎

✎

✎

●

.

.

●

✎

✎

✎

✎

●

✎

✎

✎

●

✎

.

.

●

✎

✎

✎

✎

✎

●

✎

✎

✎

✎

.

.

.

●

✎

✎

✎

✎

✎

●

●

✎

●

.

.

.

.

.

●

✎

●

✎

✎

✎

✎

✎

9 5.6
. 4.2

● 6.72

● 3.08
● 0.229
. -14.9
. 6.72
. 237
. 43.5
. 660
. 10,936

0.5
: 0.002209

.

TABLE IV.-.AIRPLANE CBXRACTERISTK!S FOR CHANGE IN CENTER OF GRAYTPY

.

.

.

p = 297.J

35

Center-of-gravity position
Item

Forward Rearwa&

&, ft . . . . . . . . .. m..... 0.229 0.672

ra ft . . . . . . . . . . . . . . . . 6.72 6.82
W, lb . . . . . . . . . . . . . . . . 10,936 10,610
L, fat . . . . . . . . . . . . . . . . 1,000 I,ooo
K . . . . . . . . . . . . . . ...’. 138 134

2.01 1.98
L:::::::::::::::::: 0.0283 0 ●ol~
a~,r . . . . . . . . . ● . . . . . . 0.390 0.407

(anJs)a/(an)s)f ”””” ”””” ”””” ”””” ”l~03
(a@a/(~@f . . . . . . . . . . . . . . . ..ml.~*

.
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.

TABLE V.- AIRPIANX CHARACTERISTICS FOR CHANGE IN ALTITUDE

[s’ = 297] -r_

Item
Altitude, h, ft

o 40,000

pj slug/tu ft . . . . . . . . ● .0 **00. O.0023@ 0.000582
K . . . . . . . . . . . . . . . . . . . . . . 123 501
7 ● ● ● ● ● ● ● ● ● W ● ● ● ** ● ** ● ● ● * 2.01 2.01

%“”””””””””””””””””””” “ 0.0276 0.0152

a%.,r “ “ ‘ “ ““ “ “ ““ “ “ “ ““”g” “ -
0.365 0.730

(%,s)~ol(%,s)sz ”””””””””””’”” ““”’ ”0”494

(a~)401(o%l”” ”””” ”*”” ””*” o””” o*”o”w

TABLE VI.- AIRPIANE CHARACTERISTICS FOR CHANGE IN SC!AIE

1-%,s3 “~> 7, and kd constant; sane as for basic

airplane, table IV, center of gravity forward]

It= Basic scsle Twice basic scaJ

a, fto . . . . . ..o S.*.*. 6.72 13.44
S...*....** 9 *.*... 297 149
a%, r”””””””””’”””” “

0.390 0.527

.

(%3J2/%3(.... . . . . . . . . 1.35

.—

.

,

.
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Small relative-turbulencescale Unsatisfactoryhandling qualities
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wall relative-turbulencescale Unsatisfactoryhandling qualities
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Small relati~e-turbulence scale Unsatisfactory handling qualities
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Small relative-turbulence scale Unsatisfactory handling qualities
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